ABSTRACT. Let G be a group with presentation such that each generator occurs at most countably many times in the set of relations. Then for all n 3. G is ,I-ic. In particular, for all n 2 3, countable groups have n-ic presentations.
G * F is n-ic for some free F. Hoare (unpublished; see [2, p. 1461) has shown for n = 3 that G itself is 3-ic (cubic), and Montesinos [3] extends thls result to 3-manifolds with boundary. Here we show that any group that admits a presentation in which each generator occurs at most countably many times in the set of relations is n-ic.
The author is indebted to Ken Millett, Marty Scharlemann, and Craig Squier for their invaluable help and encouragement.
We shall employ the following conventions and notation: Let X be a set and F the free group on X. Let R be a set of (reduced) words on X and ( ( R ) ) ,the normal closure of R in F. Then we say (XI R ) is a presentation for a group G if G E F / ( ( R ) ) , . In this case we say G is generated by the set X with relations R. Now suppose there exist r,, r2 E R such that wrlw-' = rZr1, in F, for some w E F. Then ( ( R ) ) , = ( ( R -{r,))),, so we may assume that no relation is conjugate to any other relation or its inverse without changing the group. Throughout this paper, 'presentation' means (cyclicly reduced) group presentation with no relation conjugate to any other relation or its inverse.
Notation. Given a presentation ( X I R ) with x E X and S c R , let #(x, S ) = the number of times x occurs in the subset S of relations.
We may now state the main result.
THEOREM. If G is a group with presentation such that each generator appears at most countably many times in the set of relations, then G is cubic.
COROLLARY. If G is cubic then for all n > 3: G is n-ic.
M. A. MARCUS
The proof is based on this rather simple idea: Suppose a generator x appears n times in R , where n is finite but larger than three. We modify the presentation in the following manner. First remove x from X and adjoin the formal symbols x,, . . . ,x,.
Next we remove the relations in whch x appears from R and replace them with exactly the same relations except that the i th occurrence of x will be replaced by x , for each i . Finally we adjoin the set of relations { x , x ; ' , x 2 x ; ' , . . . ,x,,-,x, -1 , x , x ; l ) to R. This serves two purposes: it equates all the x,'s so that we still present G; and it insures that each x i occurs exactly thrice. We apply a similar series of modifications for each offending generator to obtain the desired presentation. 
. } ,
Vx, E Tx, #(x,, S,) = 2. In each case note that no two elements of S, are conjugate (in the free group) since each relation has length two, so conjugation either increases length or reverses the order of the elements of each word. Also, r,, r2 E R x implies r, and r2 have no letters in common, implying that r, is not conjugate to r2" (it was for this reason that we included #(x, R) = 3 in the third case). Finally, any conjugate of a word in S, (or its inverse) contains . . . a,a,-' -. . , where a,, a, E T, U T, ' . But R, cannot contain any word with this configuration, since this implies R contains xx-l, contrary to hypothesis.
PROOFOF COROLLARY. Suppose G has an ( n -1)-ic presentation (XIR). Let X be another copy of X whose elements are distinguished from those of X by writing a bar above them. Then (FIR)is another (n -1)-ic presentation for G. Now we equate corresponding elements of X and F by adjoining the set of relations S = {xF-llx E X ) . Note that ( X U XIR U R US) is a presentation for G, since in the free group on X U X, we have ((R)) n US)) = ( ( R ) ) n ( ( s ) ) = ((R)) n ( ( R ) ) = the empty (identity) word. Finally, for all x E X, # ( x , R u R U S )= # ( x , R ) + # ( x , R ) + # ( x , S ) = (n -I) + 0 + 1 = n, and similarly for each F, so in fact we get an n-ic presentation for G. Using the above theorem, we complete the proof by induction.
